Abstract. We study a nonlocal boundary value problem for the equation
1.
Introduction. This paper discusses the nonlinear equation 
Then T has a fixed point in K ∩ (Ω 2 \ Ω 1 ).
The assumptions and main results.
We denote by R the real line and by R Searching for solutions we shall reformulate the problem (1.1)-(1.3) to obtain an operator equation of the form x = Ax, for an appropriate operator A. To find A consider an equation of the form
subject to conditions (1.2), (1.3). By integration we get (2.1)
Then, from (1.3), it follows that
where γ := 1 1 − g (1) . 
Moreover, p, q and r are not equal to zero almost everywhere.
Next define the continuous functions
and
Moreover, if w : I → R is a continuous function, we define
(H 3 ) There exists T > 0 such that
The function γf (t, u, v) is nonincreasing with respect to the variables u, v.
Now we are in a position to prove our first main result:
be satisfied , and suppose that
Then there exists a solution
Proof. We intend to apply Theorem 1.1. For this purpose consider the set < Θ}, where Θ is the positive constant ensured by assumption (H 5 ). We will prove that
Moreover, by (H 2 ), (H 4 ) and (H 5 ), for every t ∈ I we have
Now we define the open set
where T is the positive constant ensured by assumption (H 3 ). Since, by (H 5 ), T < Θ, we have K ∩ B T ⊂ K ∩ B Θ and thus
Furthermore, we will show that λx = Ax for every λ ≥ 1 and x ∈ K with x 1 0 = T . Suppose that, on the contrary, x ∈ K, x 1 0 = T and λx = Ax for 236 P. Ch. Tsamatos some λ ≥ 1. Then 0 ≤ x (t) ≤ T and 0 ≤ x(t) ≤ T t for t ∈ I. Thus, taking into account assumption (H 2 ), for every t ∈ I we have
Therefore we have
which contradicts (H 3 ).
The above statements ensure that Theorem 1.1 is applicable and the assertion of our theorem follows.
In order to prove our second main result we need the following lemma.
Lemma 2.2. Let assumptions (H 1 )-(H 3 ) be satisfied , and suppose that
Then there exists M ∈ (0, T ) such that
where T is defined by (H 3 ).
Proof. Define the continuous real-valued function L by
By assumption (H 6 ) we have L(0) > 0. Therefore, since F and L are con-tinuous, it is enough to show that L(T ) < 0. To this end observe that
Hence it suffices to prove that
which, in view of (H 3 ), is obvious. 
Let also A be the operator defined by (2.2) on the cone K. As in the proof of Theorem 2.1, we can show that
Now consider an x ∈ K ∩ ∂Ω 1 . Then x 1 0 = M , and following the same argument as in (2.3), we derive
Therefore, taking into account (2.5) we have (Ax) (t) ≥ M = x 1 0 , t ∈ I, which means that
Now consider a point x ∈ K ∩ ∂Ω 2 . Then x 1 0 = T , and following the same argument as in (2.4) and taking into account (H 3 ), we obtain
The above statements ensure that Theorem 1.2 is applicable and the assertion of our theorem follows.
Applications
The sublinear case. Here we suppose that f satisfies the following condition:
There exist nonnegative real-valued functions p, q, r in L 1 (I), not equal to zero almost everywhere and such that
This is, obviously, the case of assumption (H 2 ) when Φ and Ψ are both the identity functions. Then we have
and thus assumption (H 3 ) takes the form:
Now we set
and by (3.1) we obtain
we can take
Moreover assumptions (H 5 ) and (H 6 ) become:
Therefore we have the following corollaries of Theorems 2.1 and 2.3 respectively. An example. Consider the following nonlocal boundary value problem: (3.5) where b is a positive constant and g(s) = We wish to check the applicability of Corollary 3.2 to this boundary value problem. In the present case we have f (t, u, v) = −1 + btu + bv and thus |f (t, u, v)| ≤ 1 + b|u| + b|v|. So it is clear that assumptions (H 1 ), (H 2 ) are satisfied, and moreover, p(t) = 1 and q(t) = r(t) = b. Furthermore we have
Observe that F (0) = 5/3 > 1 = P (0), so assumption ( H 6 ) is satisfied. Also, since γf (t, u, v) = 4 − 4btu − 4bv, γf is nonincreasing with respect to the variables u, v, i.e. assumption (H 4 ) is satisfied. Moreover, we have 
